We study the asymptotic behavior of the normalized correlation function C(t) for a generalized Pólya urn using finite-size scaling analysis. X(1), X(2), · · · are the successive additions of a red (blue) ball [X(t) = 1 (0)] at stage t, and
The Pólya urn is one of the simplest models of this process [11, 14, 17] . There is an urn with t balls of which a proportion z(t) ∈ (0, 1) are red and the remainder are blue. Add a new ball to the urn that is red with probability z(t) and blue otherwise; z(t + 1) is then the new proportion of red balls. Iterate the procedure, which produces a sequence of proportions z(t), z(t + 1), z(t + 2), · · · . Later, nonlinear generalizations of the model were proposed in which a continuous function q : [0, 1] → [0, 1] determines the probability q(z(t)) of the addition of a red ball at stage t + 1. This nonlinear version is called the generalized Pólya process [12, 24, 23] . In contrast to the original linear model, the nonlinear model can have many isolated stable states. The fixed point z * of q(z), where q(z * ) = z * , is (un)stable if (z − z * )( f (z) − z) is negative (positive) for all z in some neighborhood of z * [12] . When q(z) touches the diagonal at z * , which is called the touchpoint, the stability of z * depends on the difference between the slope of q(z) and the diagonal z in some neighborhood left of z * [23] . If it is less (more) than 1/2, z * is (un)stable. The multiplicity of stable states provides a convenient picture that explains lock-in phenomena in technology and product adoption processes [2] .
If there is only one stable fixed point, z(t) converges to it. If there are multiple stable fixed points, the stable fixed point to which z converges becomes random [12] . By controlling the model parameters, the number of stable fixed points can be changed, inducing a non-equilibrium phase transition [15] . It is a type of absorbing states phase transition [13, 9, 20] , and an information cascade provides a good experimental setup for verifying the theoretical predictions [3, 1, 21, 22] . In an exactly solvable case where q(z) is a combination of the constant q * ∈ [1/2, 1] and the Heaviside function θ (z − 1/2), i.e., q(z) = (1 − p) · q * + p · θ (z − 1/2) with a correlation control parameter p ∈ [0, 1], q(z) touches the diagonal at z = z * = 1/2 for p = p c = 1 − 1/2q * . As the left slope of q(z) at z = z * is 0, the touchpoint at z * is unstable, and z(t) converges to another fixed point at z = z + = (1 − p)q * + p [15] .
The probability of convergence to a stable fixed point depends strongly on the color of the first ball. If it is red (blue), the probability of convergence to the larger stable fixed point becomes large (small). The difference in the probabilities is given as the limit value c of the normalized correlation function C(t) between the color of the first ball and that of the later t + 1-th ball. Further, c plays the role of the order parameter of the phase transition. In the above exactly solvable case, we have derived C(t) and clarify the universality class of the phase transition [20] . The correlation function at p = p c obeys a power law dependence on t as C(t) ∝ t −α with α = 1/2 for q > 1/2. The order parameter behaves as c ∝ (p − p c ) β with β = 1. The correlation length ξ diverges as ξ ∝ |p − p c | −ν || with ν || = 2. Among these exponents, the scaling relation β = ν || · α should hold.
In this paper, we use finite-size scaling (FSS) analysis to study the asymptotic behavior of the correlation function for generalized Pólya urns. We adopt the logistic-type model q(z) = (tanh[J(2z − 1) + h] + 1)/2 with two parameters J and h. Here, J is the parameter for the strength of the correlation, and h is the parameter of the asymmetry. With this choice, there is a threshold value J c (h), and at J = J c (h), q(z) becomes tangential to the diagonal at z = z * . From the above discussion, the fixed point at z = z * is stable, which is different from the case of the above exactly solvable model. As the fixed point at z = z * is stable, the order parameter c can take a positive value at J = J c (h), and the phase transition becomes discontinuous with β = 0. This suggests that the universality classes are different. The paper is organized as follows. Section 2 introduces the model system, and we discuss the stability of the fixed points. In section 3, we discuss the asymptotic behavior of the correlation functions for J = J c (h). In section 4, we study the scaling relation based on the second moment correlation length ξ . On the basis of the results for J = J c (h), we study the asymptotic behavior of the correlation function for J = J c (h). Section 5 provides a summary and comments.
Model
We define stochastic processes X(t) ∈ {0, 1},t ∈ {1, 2, · · · , T }, where the probability that X(t) takes 1 is given by a function q(z) of the proportion z(t − 1) of the variables that takes 1 for s < t.
The choice of q(z) is arbitrary, and we adopt the one above, which is familiar to physicists [26, 16] . The number of fixed points for q(z) depends on (J, h). There is a threshold value J = J c (h) as a function of h (Figure 1 ). For J < J c (h), there is only one fixed point at z = z + (Figure 2) . We denote the slope of f (z) at z + as l + ≡ q ′ (z + ). With increasing J, q(z) becomes tangential to the diagonal z at z = z t for J = J c (h). For h > 0, z t = z + , and both z t and z + are stable. For h = 0, z t = z + , and it is also stable. In both cases, the slope of the curve is one at z t . For J > J c (h), there are three fixed points, and we denote them as z − < z u < z + ; z ± are stable, and z u is unstable ( Figure 2 ). We denote q ′ (z − ) as l − . We note a crucial difference between h = 0 and h > 0. For h = 0, the fixed point at z t = z + splits into the three fixed points. z ± continuously go away from z u . On the other hand, for h > 0, the fixed point z t appears at a different position from z + for J = J c (h). As J increases from J c (h), z t splits into z − and z u . The change from J < J c (h) to J > J c (h) is discontinuous. The difference suggests that the phase transition is continuous for h = 0 and discontinuous for h > 0.
Asymptotic behavior of C(t) for J = J c (h)
The correlation function C(t) is defined as the covariance between X(1) and X(t + 1) divided by the variance of X(1),Var(X(1)):
By the normalization, C(0) = 1. C(t) = C(t)/C(0) can be expressed as the difference between two conditional probabilities.
In general, C(t) is positive for J > 0.
, there is one stable fixed point with the slope q ′ (z + ) = l + at z + . If we adopt the linear approximation
, there is another stable fixed point at z − . Both z ± are stable, and z(t) converges to one of the fixed points. As for J < J c (h), we adopt the linear approximation
behaves asymptotically as C(t) ≃ a − · t l − −1 with some constant a − . We assume that the probability that z(t) converges to z ± depends on X(1) and denote the probabilities as p ± . With these definitions, we write the asymptotic behavior of C(t) as
The limit value c ≡ lim t→∞ C(t) is the order parameter. It is written as
For J < J c (h), there is only one stable fixed point, and c = 0. For J > J c (h), both z + and z − are stable, and c can take a finite and positive value. The asymptotic behavior of the power law dependence on t of C(t) is governed by the larger value among {l + , l − }. We define l max as
We summarize the asymptotic behavior of C(t) as
Here, we write the coefficient of the term proportional to t l−1 as a. We also assume that the correction to the asymptotic behavior also shows a power law dependence on t and write it as a ′ · t l−1−b with b > 0. We write the leading and sub-leading terms of C(t) for c = 0 and c > 0 as
On the boundary J = J c (h), l = 1 and α = (l − 1) = 0. By the scaling relation β = α · ν || , we have β = 0 for c ∝ (J − J c ) α . At J = J c (h), c shows a discontinuity or logarithmic divergent behavior. For h = 0, the transition is continuous, and one can expect the logarithmic divergent behavior as c ∝ 1/ log(J − J c (0)). For h > 0, the transition is discontinuous, and c > 0 at J = J c .
Numerical study of C(t) ≃ c + a · t l−1
To check the asymptotic behavior of C(t), we numerically integrate the master equation for the model and estimate C(t) for t < T = 4 · 10 5 . We adopt h ∈ {0.0, 0. 
Using the three values of C(t) at t 0 = T,t 1 = T /s, and t 2 = T /s 2 with s = 2, we solve c, a, l as
We estimate l, a as
We plot c and l with symbols in Figure 3 . We also plot l max of eq.(5) with solid and broken lines. The estimation of l using eqs. (8) and (9) is almost consistent with l max . However, for 1.2 ≤ J ≤ 1.5, h = 0.0 and 2.1 ≤ J ≤ 2.4, h = 0.5, large discrepancies appear. One possible explanation is that the system size T is not large enough, and the assumption does not hold. In particular, as t increases, the signature of a changes at some t, and this negatively affects the estimation of l. We think the discrepancies can be removed by increasing the system size T . For J = J c (h), the above fitting procedure is not convincing, as we do not know the asymptotic behavior. In the next section, we apply FSS and clarify it.
Finite-size scaling analysis
The asymptotic behavior of the system is governed by a temporal length scale, which we call the correlation length ξ . As the definition of ξ , we adopt the second moment correlation length of C(t) [4, 20] . We denote the n−th moment of C(s) for the period s < t as M n (t) ≡ ∑ t−1 s=0 C(s)s n . The variable t in M n (t) plays the role of the time horizon or system size of the stochastic process. The second moment correlation length ξ (t) is defined as ξ (t) ≡ M 2 (t)/M 0 (t). The integrated correlation time, or relaxation time, τ(t), is defined as τ(t) ≡ M 0 (t).
In FSS, the critical property of any long-time observable A(t) for the time horizon t is assumed to be scaled by ξ (t)/t, which we denote as ξ t (t) ≡ ξ (t)/t. For the scale transformation t → st, the ansatz is written as
which is correct up to terms of order t −ω . Here f A is a universal function, and ω is a correction-to-scaling exponent. For A t (t) ≡ A(t)/t, the ansatz is written as
By setting s = 1 + dt/t and taking the limit dt → 0, we obtain the ordinary differential equation for A t as
We obtain the extrapolated values for ξ t and A t for large t by integrating the differential equations.
With the asymptotic behavior of C(t) in eq. (7), we obtain ξ t (t) and τ t (t) ≡ τ(t)/t as
We denote the limit value of lim t→∞ ξ t (t) as ξ t (∞). We also denote the deviation of ξ t (t) from ξ t (∞) as ∆ ξ t (t). From the above results, ∆ ξ t (t) decays to zero according to a power law as
The limit value τ t (∞) ≡ lim t→∞ τ t (t) coincides with c, and the leading term in the deviation from c also obeys the power law ∆ τ t (t) ≡ c − τ t (t) = a l t l−1 . We estimate the universal function for ξ as
, c = 0,
, c > 0.
Here we assume ∆ ξ t /ξ t (∞) << 1. As lim t→∞ 1 s f ξ (ξ t (t)) = 1, the system is scale invariant and ξ t (st) = ξ t (t) holds under the scale transformation t → st in the limit t → ∞. We denote the limit value lim t→∞ 
We note that
is proportional to ∆ ξ t in both cases. By setting s = 1 + dt/t and taking the limit dt → 0, we obtain the differential equation for ∆ ξ t as
We obtain ∆ ξ t (t) as
The results are consistent with eq. (15). We estimate the universal functions for τ as
We denote the limit value of
We rewrite the universal function in terms of ∆ ξ t (t) and
Here, A, A ′ are constants. We note that
is proportional to ∆ ξ t in both cases.
For c = 0 and l < 1,
is less than one, which means that in the extrapolation t → st, τ t decreases to zero. The differential equation for τ t is
We obtain τ t (t) = (
, which is consistent with eq. (14) . For c > 0, τ t obeys the following differential equation.
We obtain τ t (t) as
Using eq. (19), we estimate the integral and obtain
As l < 1, c = lim t→∞ τ t (t) = τ t (t 0 )e −A ′ > 0. We put c in the above equation and expand the exponential for sufficiently large t:
The result is consistent with eq.(14).
Numerical studies of f ξ (ξ t ) and ξ t
We numerically integrate the master equation of the model for t ≤ T = 10 6 and study the scaling properties. We set s = 2. First, we check the linear relation between ∆ 1 s f ξ (ξ t (t)) and ∆ ξ t (t). Figure 4 shows double logarithmic plots of ∆ f ξ vs. ∆ ξ t . As the parameters of the model, we set (h, J) ∈ {(0.0, 0.7), (0.0, 0.8), (0.0, 0.95), (0.0, 1.1)} in the upper figure. We set (h, J) ∈ {(0.5, 1.5), (0.5, 2.0), (0.5, 2.1), (0.5, 2.2)} in the middle figure. We also plot the results for h ∈ {0.0, 0.5} and J = J c (h) in the figures. The lower figure shows the results for h ∈ {0.0, 0.1, 0.3, 0.5} and J = J c (h). The slope of the double logarithmic plot is clearly that of J = J c (h), and the linear relation holds. On the other hand, for J = J c (h), the slopes are not one. We define the exponent δ for ∆ 1 s f ξ ∝ ∆ ξ δ t ; δ ≃ 2.0 for h = 0, and δ ≃ 1.5 for h = 0.5. We assume that the following relation holds for any s, and the exponent δ does not depend on s.
∆ ξ t obeys the following differential equation. We obtain ∆ ξ t (t) as
In contrast to the J = J c (h) case, ξ t (t) shows extremely slow convergence for J = J c (h). For h = 0, δ ≃ 2, and ∆ ξ t (t) ∝ (logt) −1 . For h ∈ {0, 1, 0, 3, 0, 5}, δ ≃ 1.5, and ∆ ξ t (t) ∝ (logt) −2 . We show a double logarithmic plot of ∆ ξ t (t) vs. logt in Figure 5 . 4.2 Numerical study of f τ (ξ t ) and τ t Next, we check the relationship between ∆ 1 s f τ (ξ t (t)) and ∆ ξ t (t) for ∆ ξ t << 1. Figure 6 shows a double logarithmic plot of −∆ f τ vs. ∆ ξ . The slope of the plot is clearly one, and the linear relation holds even for J = J c (h). This suggests that one can use a similar differential equation for τ t (t) for J = J c (h):
Here, A ′′ is a negative constant, as
is positive in Figure 6 . By integrating the differential equation with ∆ ξ t (t) in eq. (27), we obtain τ t (t) as 1. 1 < δ < 2 The convergence of ξ t (t) is rapid enough that c ≡ lim t→∞ τ t (t) > 0. Using the limit value c, we rewrite τ t (t) as
with constants c > 0 and C.
As (logt) (δ −1)/(δ −2) increases to infinity with t and A ′′ < 0, c = lim t→∞ τ t (t) = 0. The behavior is described as
with positive constants d and D. 3. δ = 2 As A ′′ < 0, lim t→∞ τ t (t) = 0. The behavior is described as
with positive constants α ′ = −A ′′ and D.
For h = 0 and J = J c (h), δ < 2 and c > 0. For h = 0 and J = J c (h), c = 0, which suggests that δ ≥ 2. To determine whether δ = 2 or δ > 2, we fit τ t (t) with the asymptotic behavior for δ > 2 in eq.(31) and that for δ = 2 in eq.(32). We plot the result in Figure 7 . Both asymptotic behaviors describe the numerical results well. For δ > 2, log(τ t ) ∝ (logt) 0.108 , and we obtain δ ≃ 0.879 from (δ − 1)/(δ − 2) = 0.108. This result is not consistent with δ ≃ 2 from the scaling relation between ∆ f ξ vs. ∆ ξ in Figure 4 . We exclude the possibility δ > 2 and have δ = 2. In the case log(τ t ) ∝ −d log(log(t)) and d = 0.517. 
Asymptotic behavior of C(t) for J = J c (h)
We obtain the asymptotic behavior of C(t) for J = J c (h) using the results for τ t (t).
There are two cases, the symmetric h = 0 and asymmetric h = 0 cases.
Here, C and α ′ are fitting parameters. 2. Asymmetric case, h = 0
Here, C, c and α ′ are fitting parameters.
We estimate the above fitting parameters using the numerical results for C(t) with t ≤ T = 10 6 , h ∈ {0.0, 0.1, 0.5}. α ′ is the exponent in the power law C(t) ∝ log(t) −α ′ ; it is difficult to estimate it using data in the range t ≤ T = 10 6 . Instead, we fix α ′ = 1.0 according to the result δ ≃ 1.5 for h = 0. For h = 0, we set α ′ = 0.5, which is the round value of α ′ in Figure 7 .
After c is subtracted from C(t), C(t) − c behaves as log(t) −α ′ . Figure 8 shows a double logarithmic plot of C(t) − c vs. logt for J = J c (h). As the range of logt is narrow, it is difficult to judge the power law dependence of C(t) − c on logt; the symbols lie on the straight lines for (logt) −α ′ .
Summary and Notes
In this paper, we studied the asymptotic behavior of the normalized correlation function C(t) for a generalized Pólya urn. The probability q(z) of adding a red ball under the proportion of red balls z is q We note several points and future problems. The first is about the behavior C(t) for J = J c (h). As one can see from Figure 3 , large discrepancies in l between the numerical results and the theoretical conjecture appear in some regions. We noted the possibility that the system size is not large enough for the asymptotic behavior to appear. We cannot exclude the possibility that the above conjecture does not hold. The second one is about the estimation of α ′ of C(t) for J = J c (h). It is the critical exponent for the power of logt, and it is difficult to estimate it numerically. Rigorous mathematical treatment is necessary to obtain α ′ . The third one is the need to verify the results with experimental data. An information cascade experiment is one candidate [21, 22] ; however, the system size T is severely limited in laboratory experiments. Web-based experimental systems should be developed to study the asymptotic behavior [25] .
